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Recall: (L)LP

Definition
A unital C*-algebra A has the (local) lifting property (L)LP if any
ucp map ¢ : A— B/J has a (local) ucp lift.
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Theorem (Kirchberg)
For any (countable) free group F, C*(F) has the LLP (LP).

Proposition

Let A be a unital C*-algebra and F a free group with | < C*(F)
such that A= C*(F)/I.

Then A has the LLP iff idc«(py, locally lifts.

For A separable and IF countable, A has the LP iff idc« ), lifts.



What about C5(I)?

For I' countable, discrete hyperlinear, Radulescu’s theorem says
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Proposition (Kirchberg)

A ucp map ¢ : A— B/J from a separable C*-algebra A with LLP
into the quotient of a (Q)WEP C*-algebra B is ucp liftable.

Theorem (Connes, Kirchberg)
Let A be a separable unital C*-algebra with tracial state 7. TFAE:

1. 7 is amenable.

2. There exists a trace-preserving embedding 7(A)" C R“ such
that the *-homomorphism 7, : A — 7(A)” C R“ has a ucp
lift A — 0°(R).



Permanence

Theorem
The LLP is preserved by a number of constructions including
e Extensions of LLP by LLP [Kirchberg]

e FExtensions of amenable groups by LLP groups
[Fournier-Facio—Willett]

® ® nuclear C*-algebras. (LP too) [Kirchberg]

® limits of nested unions of LLP (LP too with rwi inclusions)
[Kirchberg]

® Full amalgamated free products over finite-dimensional
C*-algebras (LP too) [Boca, Pisier, Ozawa, Shulman—-Eilers]



Example

Some groups with the LP (C*(I") has the LP) include
k

—
LK =T % ... % Ly, for k,m > 1 [Boca]
SLy(Z) = Z4 %7, Ze [Kirchberg]
Virtually free-by-cyclic groups [Fournier-Facio—Willett]

Limit groups [Fournier-Facio—Willett]

Baumslag-Solitar groups BS(n, m) [Fournier-Facio-Willett]

Certain one-relator or right-angled Artin groups
[Fournier-Facio—Willett]



Non-Examples for C*(I")

Theorem (Ozawa, Gromov)

There exists a group without LP.

Theorem (Thom)

Produced a group which is hyperlinear, property (T), and not RF.}
Hence no LLP.

Theorem (loana—Spaas—Wiersma)

Let I be a discrete group.

® IfT contains 72 x SLy(Z) as a subgroup, (including
SLn(Z),n > 3), then C*(T') does not have the LLP.

e IfT is countable with property (T) which is either not finitely
presented or H*(T',Z') # 0, then I does not have the LP.

![Kirchberg] For T property (T), RF = 7, € T(C*(I')) is amenable.



Hard Questions

. Does C*(IF, x [F3) have the (L)LP? (Ozawa)
. Does LLP imply LP for separable C*-algebras?
. Are there any property (T) groups with the LLP?
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. For A separable, is LLP equivalent to Ext(A) being a group??

Theorem (Kirchberg)
A has the LLP iff Ext(CA) is a group with CA = Co((0, 1], A).

Theorem (Enders—Shulman)

The answer to (4) is yes for certain inductive limits of LLP
C*-algebras.
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i.e., does every *-homomorphism A — B(H)/K have a ccp lift



C*-tensor products

Definition (Tensor Product Norms)
For C*-algebras A and B and x =Y I ;a; ® bj € A® B (the
algebraic tensor product)
® The max norm:
||| max = sup{||7(X)|| : 7 : A® B — B(H) is a *-rep }
® The spatial norm:

[x[lmin = |74 @ m8(X) | B(1A0Hs)
where (ma,Ha) and (mg, Hp) are any faithful reps of A and
B, resp.

The completions are

AGmax B=A0B"™ and Agm.B=A0B" ™.

Some Fundamentals on Tensors



Key Facts

Theorem (Universal Property of ®pmax)

For any C*-algebra C, any *-hom A® B — C extends uniquely to
a *hom A®max B — C.

In particular, if ta: A— C and g : B — C are *-homs with
commuting ranges, then wa X wg extends uniquely to A @max B.

Theorem (Takesaki)
For any x € A® B and any C*-norm || - || on A® B,

X[ min < [[x[la < [[x[[max-
In other words, we have natural surjective *-homomorphisms

A®max B = A® B = AQmin B.

Some Fundamentals on Tensors



Nuclear
Definition

A C*-algebra A is nuclear if for any C*-algebra B, A® B has a
unique C*-tensor norm.

Theorem (Choi—Effros, Kirchberg)

This is equivalent to id s approximately factorizing through matrix
algebras with ccp maps, i.e., A has the completely positive
approximation property.

Example
Mn(A) = Mn@A ~ MnQA: Mn@maxA: Mn®minA-

Some Fundamentals on Tensors



Key Facts
Theorem (Restrictions of Tensor Product Maps)

Ift:A® B — B(H) is a *-hom, then there exist restrictions
ma:A— B(H) and g : B — B(H)
with commuting ranges such that m = wp X 7.

Proposition (Functorialty of ®mi, and ®max)
For cp maps ¢ : A— C and v : B — D between C*-algebras,
dpOY:A® B — CO D extends to cp maps
® ) Rmax ¥ : AQmax B — C Qmax D and
® O R@mint) : A®min B = C Qmin D.
with |[¢ @max Y|l = [|¢ @min ¥[| = ||l[[¥]-

Example
For ¢ : A— B, idMn®g0:<p(”)

Some Fundamentals on Tensors



Operator Space/ System Tensor Products

Given two C*-algebras A, B and operator spaces (resp. systems)
X CA, Y C B, we define X @min Y to be the closure of

Proposition (Functorialty of ®mn)

For cb (resp. ucp) maps ¢ : W — Y and ¢ : X — Z between
operator spaces (resp. systems), ¢ © ¢ : W ©® X — Y © Z extends
to a cb (resp. ucp) map

¢®min¢:W®minX4) Y®minZ

with |[¢ @min ¥llco = [l cpllP |l cb-

Some Fundamentals on Tensors



Embeddings and Exactness

Proposition

For any C*-algebras A C B and C,
A O min C - B Omin C7

but this can fail for ® max.

Proposition

For any C*-algebra A and exact sequence 0 — J — B — B/J — 0,
0— JOmax A= BRmaxA— (B/J) @max A — 0

is exact, but this can fail for @ min.

Some Fundamentals on Tensors



Recall: WEP

Definition
A unital C*-algebra A has the WEP if any embedding A C B is

relatively weakly injective (rwi), i.e., there exists a ucp map
Y : B — A*, which extends the canonical embedding A — A**.

A — A**

Equivalently:
® A embeds rwi into some/ any B(H).
® For every C*-algebra B with A C B and *-representation m of
A there exists a ccp map ¢ : B — 7(A)” such that | = .

Lance’s Tensor Characterization of WEP



Lance's Tensor Characterization of rwi
Theorem (Lance)

For C*-algebras A C B. Then TFAE:
1. A embeds relatively weakly injectively into B.
2. A®max C € B ®max C for any C*-algebra C.
3. A®max C*(Foo) € B @max C*(Fo)

4. A®@max C*(F) C B ®max C*(F) for some/every non-abelian
free group FF.

Lance’s Tensor Characterization of WEP



Lance's Tensor Characterization of rwi
Theorem (Lance)

For C*-algebras A C B. Then TFAE:
1. A embeds relatively weakly injectively into B.
2. A®max C € B ®max C for any C*-algebra C.
3. A®max C*(Foo) € B @max C*(Fo)

4. A®@max C*(F) C B ®max C*(F) for some/every non-abelian
free group FF.

Lance’s Tensor Characterization of WEP



ACBrwi = A®max C C B®max C,V C
Recall: A C B rwi iff for any s-hom 7 : A — B(H) there exists a
ccp map p : B — w(A)” extending .

B S max C 7"’A(A)” & max 7['C(C)
AGmax € " B(H)

Recall: Any *~hom o : A1 ©® Ay — D extends to A; ®max A2,
e.g. 01 X o where o; : A; — D have commuting ranges.

Lance’s Tensor Characterization of WEP



A @max C*(Fs) € B @max C*(Fo) = same for any F

Lance’s Tensor Characterization of WEP



Proposition

For any discrete groups N < T, there is a canonical embedding
C*(N\) € C*(I') and a conditional expectation C*(I') — C*(A).
In particular this holds for Fy < T, < Fy < Fo.

Corollary

Let F be an arbitrary non-abelian free group, then for any finite
dimensional subspace D C C*(F), 3 C*(F) — C*(F) with

D ¢ C*(Fs) € C*(F)

and a conditional expectation C*(F) — C*(Fx).

Remark
By (1) = (2), C ®max C*(Fso) € C @max C*(F) for C = A, B.

Lance’s Tensor Characterization of WEP



A Do C*(F) C B @y C*(F) VF = A C B rwi
Recall: A C B rwi means 3 ¢ : B — 7,(A)” with ¢|a = 7.

Lance’s Tensor Characterization of WEP



The multiplicative domain of a ccp map ¢ : C — D
Co ={ae C|o(ab) = ¢(a)¢(b), p(ba) = ¢(b)¢(a), Vb € C}

is the largest C*-subalgebra of C for which ¢ is a *~homomorphism.

Lance’s Tensor Characterization of WEP



Lance’s Trick

Lance's Tensor Product Trick
Let A C B and C be C*-algebras such that

A ®max € € B ®max C.

Given representations w4 : A — B(H) and m¢ : C — B(H) with
commuting ranges, there exists a ucp map ¢ : B — m¢(C)" which
extends 4.

Lance’s Tensor Characterization of WEP



Definition (New)
For C*-algebras A C B, Ais rwi in B if for any C*-algebra C,

A @max € € B @max C.

Corollary
Suppose A C B rwi, then for any C*-algebra C,

B®maXC:B®minC — A®maxC:A®min C.

Lance’s Tensor Characterization of WEP



(Recall) Lance's Tensor Characterization of rwi
Theorem (Lance)

Let B be a C*-algebra with C*-subalgebra A. Then TFAE:
1. A embeds relatively weakly injectively into B.
2. A®max C C B ®max C for any C*-algebra C.
3. A®max C*(Foo) € B @max C*(Fo)

4. A ®@max C*(F) C B ®max C*(F) for some/every non-abelian
free group FF.

Lance’s Tensor Characterization of WEP



Lance's Characterization of WEP

Corollary
Let A be a C*-algebra. Then TFAE:
1. A has the WEP.
2. For any C*-algebra B with A C B and any C*-algebra C,

A®@max C S B ®max C
3. For some embedding A C B(H)
A @max C*(Foo) € B(H) @max C*(Foo)
4. For any embedding A C B(H) and any free group F

A Qmax C*(F) g B(H) & max C*(F)
Example
All nuclear C*-algebras have WEP.

Lance’s Tensor Characterization of WEP



Theorem (Kirchberg)
For any free group F and Hilbert space ‘H,

C*(F) ®min B(H) - C*(IF) ®max B(H)

We follow Pisier’s proof.

Idea: Want idc«(r,)oB(2) to extent to a *~homomorphism
C*(F ) @min B(£2) — C*(F,) @max B(£?).

Kirchberg's Theorem



Let A, B be unital C*-algebras, X C A a unital subspace, and
¢ : X — B a unital cc map. Suppose there exists {a;}ic; C X
such that

1. Jail| <1 foralliel,

2. (a;) is a unitary for all i € I, and

3. C(X) = C*({ar}ier) C A
Then ¢ uniquely extends to a x-homomorphism C*(X) — B.

Kirchberg's Theorem



Theorem (Arveson-Wittstock)

Let A be a untial C*-algebra with unital subspace X and
¢ : X — B(H) a unital cc map. Then there exists a ucp map
@ A— B(H) extending ¢.
Proposition (Corollary to Stinespring)
The multiplicative domain of a ccp map ¢ : A — B between
C*-algebras is
A, ={ac Al p(a*a) = p(a)"p(a) and p(aa") = p(a)p(a)"}.
Corollary

For ¢ : A— B ccp and a € A with ||a|| < 1, if ¢(a) is a unitary,
thenac A,.

Kirchberg's Theorem



Let z = ZZ:() Uk ® XK € Xn ®min B(£2) with HZHmin =1
Then there exist ax and by in B(¢?) for k =0, ..., n such that

1. apby = xi for each k and

n
2. Zn:aﬁak =1= szbk
k=0 k=0

Kirchberg's Theorem



Proof Idea

For operator spaces X, Y we have

¥ completely isometric
X Omin Y

CB(X,Y)
Z Pk @ Yk [X = Z ‘Pk(x))/k]

Xn = span{Up, ..., Up} = €%, | = (£32,)* as operator spaces, so

o)

oY

Xn ®min 8(62) — CB( n+1> (62))

Z:ZUk®Xk ak)k 0 Zakxk

Theorem (Haagerup, Paulsen, Wittstock Stinespring Theorem)

Let X C A be an operator subspace of a C*-algebra and

T : X — B(H) a cc map. Then there exists a Hilbert space H, a
unital *~homomorphism m : A — B(H), and isometries

V,W : " — H such that T(x) = V*m(x)W for every x € X.

Kirchberg's Theorem



Let z="37_o Uk @ xx € Xn @pmin B(£2) with ||z||min = 1.
Then there exist ax and by in B(¢?) for k =0, ..., n such that
1. apby = xi for each k and

n
2. Zn:aﬁak =1= szbk
k=0 k=0

Now for such a z,

n—1 n—1
1= ZUk®Xk = Z(l@ak)*(Uk@)bk)
k=0 max k=0 max
n—1 1/2 n—1 1/2
< Z(]-@ak)*(l@ak) Z(Uk@)b;:)(uk@bk)
k=0 max k=0 max

Kirchberg's Theorem

=1



Theorem (Kirchberg)
For any C*-algebra A,

A has the WEP <= C*(Fso) ®@max A = C*(Foo) @min A.

The same holds if F, is replaced by any non-abelian free group.

Recall: A has WEP iff for some embedding A C B(H)

Kirchberg's Theorem
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